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Both of the conventional 'double-difference' or 'residual' syntheses used in protein crystallography 
to detect errors in refined heavy-atom parameters are approximations to the desired vector difference 
synthesis between the observed and calculated heavy-atom structure factors. By using the measured 
anomalous differences between Friedel-related pairs of reflexions from the parent-plus-heavy-atom 
crystal, it is possible to calculate the coefficients for the vector difference synthesis. Tests indicate that 
this synthesis can provide a better signal-to-noise ratio than the conventional syntheses. In the Appendix 
it is shown that Fpm parent-plus-heavy-atom structure amplitude in the absence of anomalous scat- 
tering, is properly calculated as the mean of the structure amplitudes of the Friedel-related reflexions, 
not the root mean square. 

Notation 

Structure factors are indicated as vectors Fe, or as 
a magnitude and phase, F~, exp i~e. The structure am- 
plitude is denoted by Fp, or by the absolute value of 
the vector, [F~, exp i~,[. Subscript P denotes the parent 
crystal; P H  the parent-plus-heavy-atom crystal, and 
H the contribution from the heavy atom alone. Sub- 
script c refers to calculated quantities; all others are 
taken as observed. 

W is a weighting factor, usually= 1. k is the ratio 
of the real to the imaginary part of the heavy-atom 
scattering factor, c~, fl, 7 and/z are phase angles; ~ is 
the imaginary part of the heavy-atom contribution. 

F+n and F~n refer to the structure amplitudes from 
the Friedel-related reflexions Fpn(hkl) and Fen(hfci), 
respectively. 

Introduction 

The solution of protein crystal structures by the method 
of isomorphous replacement (Green, Ingram & Pe- 
rutz, 1954) requires accurate determination of the posi- 
tion, occupancy, and thermal parameters of the added 
heavy atoms. Estimates of these parameters are usually 
arrived at by difference Patterson synthesis or direct 
methods, and the trial values refined by least-squares. 
Two types of 'residual' or 'double-difference' Fourier 
syntheses are used to reveal errors in the refined heavy- 
atom parameters; the form of the synthesis depends on 
the type of refinement. When heavy-atom parameter 
refinement has been carried out by minimizing 

W(FH-Fn~) 2, (1) 
hk! 

where FH is calculated for centrosymmetric reflexions 
by 

Fs  = IFen + Fpl (2) 
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(Green et al., 1954) and for non-centrosymmetric re- 
flexions by 

rn  = (F 2 + r2n - 2FpFpn{ 1 - [k(F+n - F;H)/ 

2Fe]Z)V2) '/2 (3) 

(Dodson & Vijayan, 1971), then a 'residual' synthesis 
of the form 

RAF exp i u ~ ,  (4) 
where 

RAF=(Fn-FH~)  (5) 

and ant is the phase angle for the calculated heavy- 
atom structure, will often reveal errors in the refined 
heavy-atom parameters (Adams, 1968; Evans, 1973; 
Petsko, 1973). However, protein crystallographers 
most often refine the heavy-atom parameters of iso- 
morphous derivatives by the process commonly known 
as 'phase refinement' (Dickerson, Kendrew & Strand- 
berg, 1961). This method involves the minimization of 

W(Fen-Fpnc)  z, (6) 
h k l  

where Fen is usually calculated from measurements of 
F+n and F~Tn (Appendix I) and Fpnc is given by 

Fpnc = [be exp iap + Fnc exp ian~[ • (7) 

The corresponding 'double difference' synthesis (Blake 
et al., 1963) is calculated with coefficients 

mAAF exp iaen¢ (8) 

where m is the 'figure of merit' for the corresponding 
native phase angle ae, ae/~ is the phase angle calculated 
for the protein-plus-heavy-atom structure, and AAF is 
given by 

A A r =  (rett - VpR~) . (9) 

This synthesis will reveal errors in the refined heavy- 
atom parameters; the effect of specific errors on features 
in it has been discussed by Bloomer (1972). 
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The purpose of this paper is to point out that both 
of these syntheses are approximations to what is really 
desired, and to suggest a more accurate synthesis. 

The conventional double difference syntheses 

Fig. 1 shows the relations among the various quantities 
involved in protein phase-angle determination for a 
reflexion with a large difference between the observed 
and calculated heavy-atom structure factor. To detect 
errors in heavy-atom parameters, one would wish to use 
a synthesis whose coefficients represent the vector differ- 
ence between the observed and calculated FH'S. The 
quantity desired is 

( F , , -  F,,c), (10) 

which is denoted in Fig. 1 by 

VAF exp ifl , (11) 

where fl is actual phase angle of (FH-  Fnc) and 

VAF= IFH exp iOCH - Fn~ exp iczncl . (12) 

Neither of the conventional double difference syn- 
theses provides these coefficients. Both are 'residual 
syntheses' in the sense that they use as the magnitudes 
of their coefficients the residuals of the corresponding 
least-squares refinement. In each case the phase an- 
gles of the coefficients are those of the calculated F's  
in the refinement process. 

Least-squares refinement in three dimensions by 
equation (1) depends on the measured Bijvoet differ- 
ences between F+n and F~n to provide an accurate 
estimate of Fn for non-centrosymmetric reflexions [by 
equation (3)]. The R A F  synthesis used after this type 
of refinement is related to the conventional difference 
Fourier synthesis used in the refinement of small-mole- 
cule crystal structures (Cochran, 1951). This type of 
synthesis has been analysed by Dodson &Vijayan (1971) 
and Henderson & Moffat (1971); they note that it is only 
an approximation to the vector difference between F 
observed and F calculated. From Fig. 1 it can be seen 
that the R A F  synthesis represents the vector component 
of(FH--Fn~) in the direction of c~n~, but includes no com- 
ponent perpendicular to this direction. This is the source 
of the intrinsic error in this synthesis. 

The same considerations apply to the A A F  synthesis 
used after phase refinement. As Fig. 1 shows, the A A F  
synthesis represents the difference between F~,H and 
Fen ~ in the direction of o~en c but includes no contribu- 
tion in the perpendicular direction. It therefore suffers 
from the same type of intrinsic error as the R A F  syn- 
thesis. Although the A A F  synthesis has coefficients 
equal to the so-called 'lack-of-closure' vector in phase 
refinement (Blow & Matthews, 1973), the difference 
that is calculated actually represents a component of 
(Fn-FHc), as can be seen in Fig. 1. 

Thus both the R A F  and A A F  syntheses are approxi- 
mations to the desired quantity• Both contain intrinsic 
error. It should be noted that the two syntheses do 
not provide identical coefficients (Fig. 1). 

The new vector difference synthesis 

The intrinsic error in the R A F  and AAF syntheses can 
be avoided by calculation of the true vector difference 
synthesis, equation (11). If the Bijvoet differences 
(F~,n-F~n)  have been measured for the reflexions 
from the protein-plus-heavy-atom crystal, it is possible 
to calculate the coefficients of the VAF synthesis. This 
is because the Bijvoet differences can be used to ob- 
tain information about the phase angle fl of (FH--FHc). 
Indeed, it is possible to derive an exact expression for 
fl from the relationships illustrated in Fig. 1, but this 
is not essential (see below). 

A number of workers have already noted that the 
Bijvoet differences enable an accurate estimate of FH 
to be made (Kartha & Parthasarathy, 1965; Matthews, 
1966; Singh & Ramaseshan, 1966; Dodson & Vijayan, 
1971). FH is calculable from the isomorphous and 
Bijvoet differences by equation (3), provided reflexions 
are rejected where [e~,- ~zpHI is likely to be > 90 ° (Dod- 
son & Vijayan, 1971). k, the ratio of the real to the 
anomalous scattering of the heavy-atom group, may 
be determined empirically (Matthews, 1966). It is 
further possible to use the Bijvoet differences to derive 
an accurate estimate of ell. Matthews (1966) has shown 
that this is given by 

~n=C~e+/z--n, (13) 
where 

FpM sin (~P- ~PH) 
sin/z = FH , COS p = 

+ 

2FpFH 
(14) 

and, if the heavy atoms are 'of the same type', 

sin (~zi,-O~en)~_k(F+H-F~n)/2Fe. (15) 

Since Fn and an can be calculated, the calculation of 
the vector difference synthesis coefficients is straight- 

=Hc 

R 

Fig. 1. Vectors on the complex plane showing the relations 
needed to derive the new vector difference synthesis. The 
(hkl) diagram has been reflected through the real axis onto 
the (hkI) diagram. 
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forward. Equations (3), (13), (14) and (15) are used to 
calculate FH, and Fnc is subtracted from it: 

VzIF exp ifl=(Fn exp ian-Fnc exp ianc ). (16) 

Since the angle fl depends on O~e [via an and equation 
(13)], it seems justifiable to weight each reflexion in 
the synthesis with the figure of merit of the correspond- 
ing protein phase. To avoid any bias or feedback into 
the synthesis it is desirable to omit the derivative being 
refined from the calculation of ap. 

Test 
The value of this synthesis has been tested by the 

use of data taken from studies of triose phosphate iso- 
merase at 6 A resolution (Banner, Bloomer, Petsko, 
Phillips & Pogson, 1971). A computer program was 
written in Fortran to calculate the VAF coefficients 
from the observed isomorphous and Bijvoet differences, 
the protein phase angle, and the calculated heavy-atom 
parameters. Equation (16) was used with figure-of- 
merit weighting. In using equations (3) and (15) to 
estimate Fn, empirical rather than theoretical values 
of k were used. Protein phase angles C~p were calculated 
from all derivatives except ethyl mercuric phosphate 
(EMP), which was chosen as the subject of the refine- 
ment. In the calculation of Fnc three of the four EMP 
sites were included, two correctly and one shifted 2.5 A 
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Fig. 2. Sections of the full three-dimensional double difference 
maps for the ethyl mercuric phosphate derivative of chicken 
triose phosphate isomerase. The left sections at Z=0 show 
the site omitted from the refinement. The right sections at 
Z=~- illustrate the appearance of a site incorrectly posi- 
tioned. The top sections are theconventional double difference 
synthesis; the bottom sections are from the new vector dif- 
ference synthesis. Contours at equal and arbitrary inter- 
vals; zero contour omitted, negative contours dashed. 

from its true position. The program also calculated 
coefficients for the conventional AzIF synthesis [equa- 
tion (8)] for comparison. After calculation of the two 
syntheses, the r.m.s, error was calculated as the root- 
mean-square density in featureless regions. 

The resulting map sections around the site omitted 
and the site incorrectly located are shown in Fig. 2. 
For both syntheses the correct positions of the sites 
are clearly indicated, but in the VAF map the peaks 
are higher and appear against a lower background. In 
both syntheses the areas around the correct sites are 
featureless. The r.m.s, errors in the two maps are: 

r.m.s. (aAAF)= 0.076 e/A 3, 
r.m.s. (aVAF)=O.052 e/A 3. 

The heights of the peak omitted entirely are 10 and 
5.7 times the r.m.s, errors for the V, dF and zMF maps 
respectively. 

It is simple to modify any least-squares refinement 
program to calculate the VAF synthesis, no matter 
which refinement method is used. Despite the require- 
ment in this synthesis for accurate measurement of 
Bijvoet differences it would seem to have some utility, 
as it avoids the intrinsic error present in the conven- 
tional residual syntheses. 

This synthesis may be compared with that of Mat- 
thews (1966), from which equations (13) and (14) have 
been taken. Both syntheses endeavour to arrive at an 
accurate determination of the parameters of heavy- 
atom derivatives and both use information available 
in measurements of Bijvoet differences and preliminary 
protein phase angles. Obviously, the VAF synthesis can- 
not be used until some preliminary information about 
the derivative in question is available to allow initia- 
tion of refinement. Such information may logically be 
obtained by Matthews's synthesis; however, since it 
makes no use of Fnc this latter synthesis is not as easy 
to use in revealing errors in refined heavy-atom par- 
ameters. Also, as the synthesis of Matthews (1966) is 
an Fobs synthesis, it is more sensitive to series-termina- 
tion errors than a difference synthesis such as the VzlF. 

APPENDIX 
The calculation of FpH from F~H and FpH 

Ordinarily, in protein crystallography, the reflexions 
from each derivative are measured in 'Friedel-related' 
pairs, in order to make use of anomalous scattering 
effects in heavy-atom location and phase determina- 
tion. However, these methods also require FpH, the 
derivative structure amplitude in the absence of anom- 
alous scattering. Although FpH can of course be cal- 
culated exactly from F+n and F ; n  once the protein 
phases are known, in their absence it is necessary to 
approximate it by Fpn, which has customarily been 
calculated by one of two different expressions: 

Fin = [(F+H + Fb'R)/2] 2 (A 1) 
P l n  = [(F+u) ~ + ( r ;n )2] /2  • (,42) 
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Equation (A1) has been used extensively, but not ex- 
clusively; for example, in their derivation for Fn, 
Singh & Ramaseshan (1966) require F2n as estimated 
by equation (A2). There appears to have been no pre- 
vious analysis of which approximation leads to the 
least error. In principle (A2) might be preferred as it 
uses the squares of the structure amplitudes, which 
are more directly related to the experimentally ob- 
served intensities, but the question can be resolved by 
reference to Fig. 1 and a little algebra. If Fen, the re- 
sultant vector of Fp and Fu in the absence of anom- 
alous scattering, makes an angle y with Fn, then (cf. 
Phillips, 1966): 

+ 2 2 62 ] (Fen) = F~,n + + 26Fen sin y 
and / (A3) 

(Fen) 2--- F2n + fi 2 - 26Fen sin y 

where 6 is the imaginary part of the heavy-atom con- 
tribution. It is necessary to assume that fi makes an 
angle of 90 ° to Fn; i.e., all the anomalous scatterers 
are the 'same type'. Equations (A3) are the only exact 
equations relating Fen to F+n and Fbn. Adding them 
together gives 

(F+n)Z+(Fpn)2 =F2n+62. (A4) 
2 

Equation (A4) is also exact. There is no error if the 
measurements are accurate. For the moment it will be 
assumed that they are. 

Comparing (A4) with (A2) shows that using (2) leads 
to an error of 62. By choosing Fen as the r.m.s, of 
F+H and FTH one in fact overestimates it by fi 2. Equa- 
tion (A1) is in error from (A4) by 

-[(F~,n)Z-k-(FeH) z] (F~n) (Fen) + + 62 
4 2 

which can be reduced to 

-¼[(F+n)-(Fen)] 2 +6 z. 

This is clearly always < 6 z. It is equal to fi 2 when the 
anomalous difference is 0, in which case (A1) and (A2) 
are equivalent anyway. Whenever the anomalous dif- 
ference is non-zero, the mean provides a better esti- 
mate of Fen than the root mean square. The error in- 
volved in using either expression increases as the size 
of the anomalous difference increases. 

The best expression to use when there is no error is 
(A1); if there is only one measurement each for F+n 
and Fen and if each measurement has associated with 
it an estimated standard deviation, the most precise 
estimate of Fen will be given by the weighted mean. 
However, the most precise value is not statistically 
the value free of the anomalous scattering effects. 

If the heavy atoms are all of the same type, statistical 
considerations require that one give equal weights to 
(F~,n) and (Fell) in the determination of the weighted 
mean. The individual estimated standard deviations 
may be used to calculate the standard deviation of 
Fen. This quantity is useful in refinement and phase 
determination and can also be used to determine 
whether anomalous differences are statistically signif- 
icant. 

If there is more than one measurement each for 
F~n and F~zn, circumstances of data collection in- 
fluence how (or if) they should be combined before re- 
finement. Tukey (1974) has given a lucid discussion of 
the considerations involved. 

I am grateful to Professor David C. Phillips, F.R.S., 
and Professor John W. Tukey for advice and stimulat- 
ing discussions. I thank the Rhodes Trust and the Dan- 
forth Foundation for fellowships. The referee made 
some very useful comments. 
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